Flatness and some other properties of a finitely generated extension of anti-integral elements over a Noetherian domain by 吉田 憲一 et al.
ＴＨＥＢＵＬＬＥＴＩＮＯＦＯＫＡＹＡＭＡＵＮＩＶＥＲＳＩＴＹＯＦＳＣＩＥＮＣＥＮｏ､４１Ａｐｐｌ－５(2005）
ＦＩａｔｎｅｓｓａｎｄｓｏｍｅｏｔｈｅｒｐｒｏｐｅｒｔｉｅｓorafinitely
generatedextensioｎｏ歪anti-integralelementsovera
Noetheriandormin
ＫＥＮ－ＩｃｍＹＯＳＨＩＤＡＡＮＤＫＩＹｏｓＨＩＢＡＢＡ＊
Depmme7ztqMpPHedMEzhemdzt畑
○k叩《2m《LUizduem3鞠q/Scie？Dce
Z-ZRid畔dio
OJtmz9/αｍｄＬ７Ｄ０－０Ｄ０５
ＪＡｐＡＮ
ｑＭ
初epamne7zZqfMMbema趣Ｃｓ
几cuJZUq'Eblucu3iOmm‘WbUtU定SCie厄ｃｅ
ＯｉｍＵｉｚ”e7siｫｙ
Ｏｉｍ８ｍ－ＺＺ肥
･ＩＡＥＡｊＶ
(ReceivedJuly5,2005;acceptedNovember7,2005）
Abstract
Letα,,α2,…,α"beantLmtegralelementsweraNoetheriandomai】nRSeM＝Ｒ[α,,α2,…,α"】・WemvestigateHatness，fhithfhiflatness，exchsiVenesB，ｅｇｄｓｔｅｎｃｅｏｆａＵｏｗｉｎ８ｕｐｐｏｍｂａｍｌｕn-
ramiacationoftlne鮴ennsionA/HundertheconditionIa1＋喝十…＋恥冠＝Ｒｗｈｅｒｅ
ｚａ`＝{ＱｅＲ;α噂ＧＥ[αi}(j＝1,2,…,几)}・
Onmlresultsaregeneralizationsorthoseor[割
LetRbeaNoetheriandomamwithquotientaeldKandRIX]apdynomialringoverRinan
indeterminateX・LetabeanelementofanalgebraMeldextensionofKand汀:Ｒ[X]一Ｒ[cItheE-algebrahomommPhismdefinedbW(X)＝α・Letpc(Ｘ)bethemonicminimalpo1ynomialofaover
XwitMeg化(X)＝｡､Write
化(Ｘ)＝Ｘｄ＋mXd-1＋…＋犯,(〃ｴﾌﾟ…,肥ＥＫ)．
WedennCLl:＝n塁,(几Ｍ１)andJt.]:=Iia](1,り,,…,恥)where(Ｒ:E刀)＝(ＣＥＲ;叩ＥＲ)and
(1,ﾜﾕ,…,肥)istheB-modulegeneratedbyl,，h,…,,7..Ｗe山｡｡函neJi･I:＝Iiq('7Ｍ1,…,肥-1）whe厩e和＝1.ＡnelementaiscalledanamiPinte蝉lelementofde厚eedov巴rRifKer汀＝Ｌ]pα(X)RIX]、LetPbeanelementofSpecRItiseasilyver過edthat,ｉｆａｉｓａｎａｴiti-inte厚alelementoverR,thena
isalsoananti-integraleleｍｅｎｔｏｖｅｒＲｐ・AnelementaissaidtobeasUpe圧Trimitiveelementofdegree
doverRifJicMl向fbreve腫ｙＰｅＤｐ,(R)whereDp,(R)＝{PESpecR;depthEp＝1}・
Ourgeneralreferencefbrunexplainedtermsisに]．
LetRbeaNOetheriandomainanda1,α2,…，α冗anti-inte摩ale1elnentsoverR・Ｓｅｔ
Ａ＝Ｒい,,α2,…,α"］
anddefiT1e
恥`＝{ｑＥＲ;αcﾋﾞｺﾞＥＲい`](j＝1,2,…,〃))．
ThenLfisanidealofRBythedefinitionof恥`,wehavethefbllowing：
Ken-ichiYosHIDAandKiyoshiBABA２
Ｌｅｍｍａｌ・比tP6eq〃eJementq/SpecR｣ｙＰ。Ibi叡劫enAp＝Ｒｐ[α‘]．
Ｌｅｍｍａ２([7,Theorem1.8]).比tR6eqﾉＶＭﾉbe”ｑＭｗＭ兄αＭαα”α刀tj-伽gMeleme刀toUe7R、
LetMcq几elenze伽QfSpecR．〃e”the/bjloTDin9伽OCC冗蝋`o〃sCzmeequjMe〃t：
（i)Ｒ回,,/Rpjsα此tezt…畑．
（ii)ｐコル]．
Proposition3･比ＭＢ６ｅａＺＶｂｅ飢巳流α汎ｄ０ｍ皿冗αＭα1,α2,…，α九q7z瓦-jnte97nleZeme冗ｔ８ｏｕｅｒＲ－
ＳｅＭ＝Ｒ[αｴ,α2,…,α"]｡Ｍ…wnGtﾉbat恥L＋Ibh2＋…＋Iaね＝Ｒ・ZetP6eq”eleme"tqfSpecR-
The?ＭﾉWbIlouliｱz9co冗蹴…(Mr1eeq皿diMe几Z：
（i)ＡＰ/Epj8G戸atemteⅧo”．
（ii)p7MannJion]＋…十Ｊ＆河川α冠１．
Proｏｆ(i)－(ii).since恥,＋Ia2＋…＋Z＆霜＝Ｒ,thereexistsanindexisuchthatP。咄`・nen
Ap＝Ｒｐ[α`lbyLemmal・Condition(i)assertsthatPRpアノ[・`]RpbyLemma2HencePアJia過],and
”Ｉａ１ｎＬ１]＋…＋恥巍Ｍａ感]．
（ii)－(i)Bythecondition(ii),thereexistsanindeMsuchthat”１３６`ｎ兆`｝”恥1.TherefbreAp＝ＨＰ[CWRpisaaatextensionbyLemmasland2． ThenpアIを`ａｎｄＱ､IDD．
Ｔｈｅｏｒｅｍ４・ＬｅｔＲｂｅα｣Vｂｅ鮒e浦α拠ｄｂｍｕｉ９ｚｑＭａ１,α2,…，α,ｚａ７ｚ虚‐伽t印7wzzleZe汀ue〃ねｏＵｅ７．Ｒ・Ｓｅｔ
Ａ＝Ｒ[α,,α2,…,α"]剛…秘me幼ａｔ恥､＋Ja2十…＋１hｔ"＝Ｅ、ＺｿbelMlWbJZo”叩ＣＯ冗蝋o"s噸這
e9mjUaに、：
（i)Ａ/Ｒ麹αβutezteⅧ。〃
（ii)恥unJiaｪ'十…＋恥懸ｎＪｉａ麺]＝Ｒ、
ProofBSinceHatnessisalocal-glObalproperty》ｉｔｉｓｉｍ]qqediatefromProposition3． Q・ＥＤ．
Ｌｅｍｍａ５([7,Proposition3.7ｌａｎｄ[5,(4.,)Theprem3l)．ＬｅｔＲ６ｅａｊＶＭｈｅｒｍＭｍ伽αＭα
`D70α”ti-“Z⑭MeZeme泥touerRLetpbe“elementO/SpecR・ｍｅ〃t/Wbnou”９伽ocoMf瓦……
６９m&iUaJe〃t：
（i）nnheemteⅧ｡"Ｒｐ[Cl/Rpね｡んｉｔ}WIy比tezｵeⅧ.”．
（ii)ImJic瞳｝
Pmposition6・ＬｅｔＲｂｅａＮｏｅ幼e冠ｉｍｄｏ伽ａｊＯｚｃＢｎｄａ１,α2,…，α７Ｍｍ画一jnte9MeJemeねｔｓｏｕｅｒＨ・
SCM＝Ｒ[αﾕ,α2,…仇]`mdGssz`me仇砿Iam＋Za蜜十…＋I&恋＝Ｒ・比ｔＰｂｅ`zMemc7zmfSpecR・
TlBe冗坊e/blJoYD力２９伽ocO冗蹴o瘤α形e”mJe"た
（i)ＡＩ,/ＨＰ伽mjtﾉＶＭツガate鉱e慨o，､．
（ii)Ｗｄ恥,ｎ北,]＋…＋Iを"ｎ北感]．
Proofb（i)今(ii)．Bytheassumption恥廼十I途量十…＋恥愈＝Ｒ,thereegdstsanindexisuch
that”１週`､ThenAp＝ＨＰ[α`]byLemmaLSinceEp[α`]/EpisafaithfUnyflatextension,wehave
PRp。JiadRpbyLemma5HenceP莎咄叡側｡`1.TherefbreWｳ恥Ⅲｎ兆,]＋…＋１ｈＪ北海]．
（ii)－(i)．Bythecondition(ii),thereeD(istsanindeMsuchthatWjZa`ｎ兆`1．Therefbre
Ap＝Ｒｐ[。,J/RpisafaitMmyHatextensionbyLemmasland5・ ＱＥＤ．
Flatnessandsome otherpropertiesofafinitelygeneratedextensionofanti-integralelementsoveraNoetheriandomain ３
Theorem7・LetR6ecLjVDetﾉbe冠ｑ７Ｂｄｏｍａｄ几(z”。α1,α2,…，αね（mti-j刀Z印ＭｅＪｅｍｃｎｔｓｏｕｅ７Ｒ・Ｓｅｔ
Ａ＝Ｒい,,α2,…,αね}＠Ｍ“sTmzetM恥,＋貼珍＋…＋咄"＝Ｒ、The7MﾉWbZJM〃9妙OCC､鋤…
α7℃equiUzzJent：
（i)Ａ/ＲｊｓＱｍｉｔＭ』11Wβate⑱t…帆
（ii)Ibb1nJi.`ｪ]＋…＋恥巍nJiα"ｌ－Ｒ
ＦＭ２ｅ７ｍｏｍｅ,ｵﾉＷ叩伽"。〃(iii)－(i)MdS：
（iii)Ｒ[α,l/R,…,Ｒ[α,J/Ｒａ花ａｌＭｍｔｌＷｌＺﾉﾙｫe趣tensions・
ProofSince鋤hfUlflatnessisalocaLglobalpropertyうtheequivalenceoftheconditions(i)ａｎｄ
(ii)isimmediate丘｡mProposition6､Wewmprovetheimplication(iii)－(i)．Lemma5showsthat
妬,]＝Ｒ,…,北"]＝Ｒ､Moreover,恥u＋Ia2＋…＋嘔緬＝RHenceIbMVian]＋…＋Z＆海、恥]＝Ｒ、
TherefbreA/RisafbLithfmlyaatextension、 ＱＥＤ・
LetKbethequotientneldofR､WesaythatA/Risanexclusiveeg[te亜ioniMnK＝Ｒ・
Ｌｅｍｍａ８([8,Theorem5])．比ｔＲ６ｅｑ｣ＶＭﾉhe冠`zMO7M冗伽仇qTM刎此ＭＫＱＭａａｓ叩e，､‐
ｐｍｍｊ伽ｅｅｌｅｍｅ”toUe7R､AssumMMEco伽､３，２s`H、城冗鈍eβeJd．Ｔ/benmﾉbe/bllou'伽如OCC冗鮒o7zs
…equ伽叱裡：
（i)gradeJic]＞１ｍｅ花⑩ed”eJibrooがJi`M1＝Ｒ、
（ii)Ｒ[CMRismczc仙舵“e耐o犯．
Proposition9・比ｔＲｂｅｑ｣VMJZemzoMomain醜仇quotfe”t比Ｍｘ・Zetα,,α2,…,α,a6e8T`Per‐
”m伽ｃｃ伽e冗歯ＯＵｅｒＲ・ＳｅＭ－Ｒ[七M,,α2,…,α,J・As3…e仇ａｔ恥ｪ＋咄図＋…＋I＆恋＝ＲｑＭＲ
ｃｏ７ｚｔａ伽“2?!/f7zjteル1..Z1hc〃t}be九ZJoujjlz9伽０cm､猟o7z8Czmeeq嘘U皿e〃ｵ：
（i)ＡｎＫ＝Ｒ、
（ii)grade(IamMa1l＋…＋恥感ｎＪｉａ宛])＞1．
Prooｆ（i)－(ii).AssumethatthereeqdstsanelementPofDp,(E)suchthatP。咄,ｎ兆,】＋
…＋恥ね、北"]、SinceIa1＋恥蜜＋…＋１３t麺＝Ｒ,thereegdstsanmdexisuchthatp夢I＆`・Ｔｈ念n
Ap＝ＨＰ陣愈]byLemmal､TheconditionAnK＝RimpliesthaMpnK＝Ｒ".ThenLemmaM3serts
thatPRpコル`]ＨＰ・Hence”恥],and１０．１３b`ｎルルThisisacontradiction．
（ii)－(i)．AssumethaMnK三Ｒ・Ｔｈｅｎthem｢eexistsanelement‘｡MnKsuchthatRヲ（．
LetPbeaprimedivisorofIWhere丘＝{ｑｅＲ;`X;ｅＲ}．ThenweknowthatdeptlUBp＝１(Cf．
[9,PropositionL10l)．Hence”恥,ｎ小､]＋…＋嘔彌nJi…Ibythecondition(ii)．Thentme
existsanindeMsuChthat”心`ｎ+`１．ＴｈｅｎＡｐ＝Ｅ池`]byLemmaLLemma8showsthat
ApnK＝Ｒ小]ｎＫ＝Ｒｐ・Hence（eRband叩疋.ThisiSabsurd・ ＱＥ.，．
Ｌｅｔｐ：SpecE仏山α2,…,α"]－→SpecR，
contractionmappings,thathW(１３)＝躯ｎＥ，
SpecR[αｋ](ルー1,2,…,〃)．
ａｎｄｐ礎：SpecRいた]一十SpecR(ルー1,2,…,,z)ｂｅ
仰(□)＝QnRfbrW3eSpecR[α1,α2,…,α"],ＱＥ
PropositionlO･ＬｅｔRbeqjVOethelria0zdomc0j冗叩。α,,α2,…，α”ｃｌｍｊ－ｍＺ印mZeZemeWzt8ouer
R，ＳＣＭ＝Ｒ[α,,α2,…川]、Ｌｅｔｐ：SpecR[α1,α2,…,α極]－>SpecR,ａｎｄｐ胞：SpecR[α応]－÷
SpecR(ん＝1,2,…,氾)beco知伽c鹿。”、`柳如s泥SPec鋤e』沙Assume伽tIaｪ＋恥璽十…＋恥"＝Ｒ・
I1he冗
冗
１mや＝nlm《P脂，
ルー1
Ken-ichiYosHIDAandKiyoshiBABA４
ProofblMsclearthatlmpCnZ=,Impk，Wewillproveth2Mmp。ｎK=,Imp臆Letpbe
anelementofnl:=,I叫應.AssumethatP窪mmMThenwecaneasilyverifythatMp＝ＡＰ・Since
la,＋恥2＋…＋I＆"＝Ｒ,thereexistsanindeg[isuchthatP夛恥`・ＴｈｅｎＡｐ＝Ｒｐ[α`]byLem]qqal、
SincePAp＝Ａｐ,wegetPRp[αJ＝ＨＰ[α`１.Thisisacontradiction・ ＱＥＤ．
ＬｅｔＡｂｅａｎｅｘｔｅｎｓｉｏｎｏｆＲａｎｄＰａｎｅｌｅｍentofSpecR・ＷｅｓａｙｔｈａｔＡｉｓａｂｌｏｗｉｎｇ－ｕｐａｔｐｏｒｐｉs
ablowinguppointoM/RifthefbUowingtwoconditionsaresatisned：
(1)pApnRp＝pRp．
(2)Ａｐ/Mpisisomomhictoapolynomialring(Rp/PRp)ﾛ．
Lemmal1([7,Coronaｴｙ1.101).LetRbeajVDe仇e両αＭ0,Ｍ"αＭα`、鰄伽印mMeme伽｡ueγ
R・ＭＰ６ｅａｎｅＩｅｍｅ〃tqfSpecR・The〃ｔｂｃｊＭＯ伽叩如ＯＣＣ冗醐。”samee9脚叫eねた
（i)ｐ曲＠Ｍ。”町-uppo伽がＲ[α]/R・
（ii)ｐコル]．
Propositionl2・比tRbecu1VOetheria7MomcBi〃αＭα１，α2,…，α，Ｍ、秘-伽e9mczZeJenzenねｏｕｃｒＲ‐
SEtA＝Ｒ砂1,α2,…,α海]`Ｍ……e伽tla1＋la2＋…＋I占冠＝Ｒ・ＭＰｂｅＧ〃eZeme〃MSpecR・
ＩＭＭｈｅｊＭｏ伽叩如oco7z伽０?z8zBmeequiUaI伽：
（i)ｐコル』ｎ兆Ｊ＋…＋恥巍Ｍ・冠]．
（ii)PjsMJo伽瑚-叩PC航tqfA/丘．
rroofByLemmas2andll,weseethaIjPisnotablowing-uppointofR[01/Rifandonlyif
Rや[Ｃｌ/Episanatextension・Hencetheproofisclear丘｡mProposition3、 ＱＥＤ．
Theoreml3･比ｔＲｂｅｃＢｊＶｂｅ肋ericmZOma航ＱＭａ１,α2,…，ａ７ｚｃｚｎ跡mte9mJeZe77De刀ねｏｕｅ７Ｒ・Ｓｅｔ
Ａ－Ｒ【α1,α2,…,αね]｡Ｍ“sUmG伽tIaL＋Ia2＋…＋I＆"＝丘.ＩVie郷thejblJM叩伽eCOlZ蝋｡ｍＳ
α7℃eqYjiU“e伽：
（i)Ａ/Ｒ仙冗鉱ezte冗叡伽．
（ii)Ａ/Ｒｂ唖冗obJo伽剛-叩p・純．
（iii)恥,ｎ心]＋…＋Z&"ｎ北,j＝丘．
ＱＥ.、PmoLItisimmediateftomPropositiｏｎｓ３ａｎｄｌ２．
LetAbeaHniteB-algebra・Let甲beanelementofSpec(A)andlD＝甲ｎＲ､Theresiduefieldsof
躯amParedenotedbyk(甲)andh(P)r電spectiyely・WesaytMSl3isumCa江､丘edoverPifthefbllowmg
twoconditionshold
(1)vlMqp＝皿印．
(2)ｋ(輔)isajaniteseparablealgebqFaicextensionofb(P)．
TheextensionA/RiscalledunramiiiedifthefbllDwingtwoconditionsaresatisHed：
(1)EbrevcｴyelementPofSpec(R),thereareonMinite】ymanyelementsofSpec(A)lyingoverP．
(2)IfW3isanelementofSpec(A)lymgoverlD,thenW3isunraminedoverP・Itis】mownthatA/Risanunrami且edextensionifandomdyifQR(A)＝(O)whereJZR(A)standsfbr
thedifferentialmoduleoMoverR.（[6,Chapter3,Theoreml41）
TheextensionA/Rissaidtobe6taleiM/Risanunrami且edandnatextension.（Ｃｆ[1,Chapter
Ⅵ,Demition(4.1)]and[4,ｐ､100]）
FlatnessandsomeotherpropertiesofafinitelygeneratedextensionofantiintegralelementsoveraNoetheriandomain ５
Letpと(X)bethederivativeofpa(X)．
Ｌｅｍｍａｌ４.(Ｃｆ[3,neorem81)LetRbeMルビ仇e元αMom"，zα刀｡αα刀α”蜘冗te9mMeme”toUerR・Ｔｌbe兄thCJMouli剛如OcOMfti…α7℃eqfAiMe伽：
(1)Ｒ[α]ｲＨｉｓ……岬e風鰄…伽．(2)IiolPou(α)R[Cu]＝Ｒ[α１．
Propositionl5･ＬｅｔＲ６ｅｑ１Ｖ０ｅ幼e祠α〃ん、“”αね‘α1,α2,…，α丸１ｍ箆一伽te9mlSeM＝Ｒい,,α2,…,α"I｡〃｡｡鋼迦meZMIam＋恥2＋…＋恥冠＝Ｒ・ｓｅｔ
ｕ＝恥ⅡnLnIpL,(α,)Rい,]＋…＋恥巍ｎＬ感,トクと露(α,`)R他緬I
eleme〃ｔ８０Ｕｅ７Ｒ．
比tP6e`ｍｅ獅刎qfSpec(R)mheMWbZJo醜剛加．｡｡"伽…Gmee”〃αIe⑰ｵ：
（i)１，コＵ、
（ii)Ａｐ/ＲＷＧ冗皿刀mmi疵。e鉱e兄s伽．
Proo丘(1)=今(ii)．SinceP。〃,th画eexiStsanindeMsuchthat”Jを‘ｎＬ`]p占い‘)Rい`]＿TheM,＝R，い`]byLemmalBesides,wehaveLMと`(α`)ＨＰ[α‘]＝R,側.Lemmal4impliesthatAp/Hpisanunraminedextension．
（ii)－(i).Bytheassumption恥,＋聡電十…＋恥感＝Ｒ,there甑istsanindexisuChthatP。１８世`・ThenAp＝ＨＰ[α`]byLemmal,BecauseAp/Ep＝Ｒｐ[α`]/Rpisanumamiiied帥ension,weseethatL`ﾙP&‘(α`)Rp[αd＝Rp[α`lThisShowsthat”Ii･`MPL`(α擬)R[α`]HenCe”ZEE‘ｎＩｉａ`lPa`(α‘)E[α懲]・Therefbrepアワ．Ｑ､ＥＤ．
Propositionl6･比tR6eqjVOetberjα〃ｄＯｍ(zi7MzDzzα]L,α2,…，α,ＭＥ?z腓jizte9mJeJeme知ねｏＵｅ７Ｒ・SetA＝Ｒ他ﾕ,α2,…,αJMqSSwnetMJaｪ＋恥凰＋…＋咄"＝瓦.〃A/Ｅ仙刎m7DWDmi/fed鹸脇o乃馳e汎Ａ/Ｒ商`z'@仇lee鉱eⅧ｡〃．
ProofLetPbeanelementofSpec(R).since恥,＋Zaz＋…＋Jを"＝Ｅ,thereegEistsanindexisuchthat”恥`、ThenAp＝Ｒｐ[αも]byLemmaLBy[3,亜hemcm9],ＡＰ/RpisanatextensionbecauseAp/Rpisanunraminedextension・HencMp/RpisaMtaleext…ion・ ＱＥ.、
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